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SY-NOPSN

The use of analysis as a tool in structural design is well known.
However, the really effective use of methods of analysis requires that
rational methods of directed redesign be developed. Systematic struc-
tural synthesis may be defined as the rational, directed, evolution of a
structural cordiguration which, in terms of a defined criterion, efficient-
ly performs a set of specified functional purposes. The structural de-
sign problem is viewed as a problem in the programming of inter-
dependent activities involvlng: requirements and specifications, a
technolory governing the behavior of the system, and a criterion for
evaluatlng the relative merit of alternate designs.

It is assumed that a structure is to be designed to perform satlsfac-
torily under several dlstinct design }oading conditions. Limitations on
stress and displacement which may be dlfferent for each element for
each load condltion are selected. A method for systematically converg-
ing on an optlmum design ln the sense of minimum total structural
weight ls described. Results obtatned for elementary but illustrative
examples using an IBM 653 digital computer are given. The emphasis
throughout is on clearly defining the redesigned process in order to
make posslble automatton of the design cycle rather than just the anal-
ysls phase.

INTRODUCTION

Methods of analysis which adequately predict the behavior of many
structural systems are well known. The huge strides that have been
made in the digital computing field have led to the routine use of reli-
able methods previously considered impractlcal because of the compu-
tational effort involved. Hovever, the really effective use of structural
analysis requires that rattonal methods of directed redesign be
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developed. There has been a tenclency to regard a problem aB solved

when a reliable method oI analysi8 has been developed, whlle ln fact

tfie availability of a reliable method of analysis ls only a prerequlslte

lo tackling the task of design aynthesls.
The purpose of structural deslgn is to evolve structural conflgura-

tions *hi.l, efficiently perform a set of specified functlonal purposes'

Two cotrtmott characteiistlcs which often complicate the deslgn problem

arc:

a. clesign requirements calllng for structural tntegrlty in a large

Iruntber of clistinct loading condltions, and

b. the use of highly indeterminate configurations ( multiple load path

structural sYstenrs).

The structural design cycle can be thought of ln terms of three maln

plrases:

1. Establish a trlal deeign.
2.CarryoutananalysisbasedonthistrialdeslgD,and
3. Basecl on the analysis, modify the trial deslgn as requlred.

with the benefit of experience and ludgment, lt le usually poselble to

establish a conservative trlal deslgn'
Irr the past several years much progress has been made ln the dlrec-

tiol of syitematlzing tire analysls of hlghly lndetermlnate structures'

Coupled with the use of large scale dtgltal computlng facllitles, theee

nrethods have proven to be an effective analytical tool. The tlme scale

for a trip arounct the destgn cycle has been effectlvely compree-eed- thus

permitting analysis to help ln obtalnlng not only adequacy but efflclency'

by ano raige these lmprovements ln the deslgn cycle process have been

limited to lmprovlng, systematlzlng, and speeding up the analysle_ of a

trial design uslng aiiomatlc computlng faclllttes. Alter each analysls

lre redesign proiess takes place. The redeslgn process ln general l8

not clearly {efined, but rathlr lt ls an artful comblnatlon of fudgment'
experience, and often courage. The problem of stattng mathematlcally

the philosoplry or basls on whlch redeslgn decislons are made hae been

an obstacle to the clevelopment of methods of structural synthesls' The

problem ts twofold. Flrst an appropriate deslgn phllosophy must be

aclopted, an{ second a means of mathemattcally statlng the phllosophy

in terms 6;f a criterlon by means of whlch cholces can be made must be

establlshed.

STATEMENT OF THE GENERAL PROBLEM

systematic struetural synthesls may be deflned as the rational di-

rected evolution of a struclural conflguration whlch, in terms of a de-

tinecl criterion, efllclently performs a set of speclfled functlonal pur-

p()ses. In economics much-work has been done ln an area referred to
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as the programming of interdepenclent activlties.2 {1r2r3,4, and S) ttre
structural design problem can be looked at as a problem ln the pro'
gramming of interdependent actlvltles. Three typee of conslderatlone
are lnvolved in such problems: a speclfied set of requlrements, agiven
technology, and a crlterlon by means of whlch choices can be made be-
tween various solutions. The analogous phaaes in the structural deslgn
lrroblem rnay be postulated as follows:
I. Speclfications and Requlrements.-

A. The design load system is made up of several dlstinct design load
conditions. Each load condition may involve several mechanlcal loade
as well as a structural temperature distributlon. The optimum design
will be a balanced deslgn for the entlre deslgn load syetem made up of
several conrlitions. Note that the mlnimum weight optlmum design of a
statically determinate structure has the property that each member ls
fully utilizerl in at least one load conditlon. While this ls a valid crite-
rion for statlcally determlnate structures, lt is not in general valld for
statically indeterminate structures. In thts connectlon, lt should be
recognized that if an optlmum design ls sought using each deslgn load
condition separately, several distlnct lncompatlble deslgns wlll result.

B. It is required that the stresses and deflectlons do not exceed
certain prescribed values. Irathe case of an elastlc etabtllty constralnt,
the alLowable stress wltl depend on the deslgn parametere. fui lnstabll-
Ity constraint can be thought of as a displacement constralnt expressed
ln terms of an allowable stre6s. Llmitatlons on both etresses and dls-
placements are prescribed and may dlffer ln each element for each
loading condition. For lnstance, the atlowable stresges ln an element of
the structure mlght be substantlally dilferent due to dlfferent tempera-
ture condltions. Also, allowable stresses could be set at lower levels
for load conditions whlch occur frequently while hlgher allowables are
used for load conditlons of lnlrequent occurrence. Thus welght penal-
ties attending fatlgue and elevated temperature condltlons could be hetd

to a mlnlntum. [n general, the llmltatlons placed on etresses and dle-
placements differ for each load conditlon for each element of the strue-
ture and the method evolved should take this lnto account.

C. It is required that the elze of certain elements ln the structure
be greater than a specified mlnimum, or less than a specified ma:rlmum.
It ls posstble that an optlmizlng process wlll cause certaln elements to
vanish or become yery large. Frequently thls cannot be permltted, and
It is necessary to lmpose constralnts on the deslgn process ln the form
of mininrum and rnaxlmum element slzeg.
II. Technology. -

The appropriate method of analysis for the structural syetem con-
sldered is a component part of the structural synthesls. Dlfferent
nrethods of analysis wtll be approprlate dependlng upon the claes ol

,; W[it-e'Iinear programmlng le the more common name glven thla area
o[ endeavor, lt is avolded hereln because of the unnecessary restrlc-
tions inrplied by the word llnear.
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structure involved and the design philosophy employed. In many cases

it"-f,igl fV developed methods of tumped elastic analysis will be sultable'

This paper is reJtricted to a consideration oI structural systems which

cln bi analyzed employing the methods of I'umped elastic analysis'

In the last decad" $," use of lumped element structural ideallzatlons

fouowed by matrix formulation of the structural analysil n-11!leli las
tleen highly devetoped and extensively used in airframe design' (6'7'8'

g,!0,1I to mention'only a few.) att of these methods have at least two

tlrings i1 contmon. First, the state of stress within any one lunrpecl ele-

nrent is asstrnted to be fully describecl by one unknown and second' the

displacenrent pattern of the structure is assumed to be described by the

rlisplacenrent of a finite number of discrete points. on the other hand'

it a clesign plrllosophy based on collapse at ultimate load ls to be used

gren the nrethocls of limit analysis should be used. Pearson ( 1Z) tras

given a nrethod of implementing the structural synthesis concept which

is based on the tinrit design philosophy'

III. Criterion. -
Innranyimportantstructuralclesignareasthemlnimizatlonof

weight is important. It should Ue notla that a mlnlmum weight basis for

evaluating merit is probably the most readily stated and it is certainly

of great importance in ttle design of tlight vehicles. of course, it is
theoretically pgssible to emptoy crlteria other than mlnimum welght'

II, for example, enough is known irbout the factors lnfluencing cost' it

would be posstbr*-to lv"tematically seek a design which would mlnimize

cost. Even when using minlmunt weight as a basls of choice the degree

to wlich clesign parameters are pres[ecified ln the configuratlon can be

used as .l mears of building in economy through simpllfication and

standardization.
The gelterrl problem can now be stated mathematically' The formu-

lation will tre restricted to lumped elastic slructural systems' This

classofstructuralsystemsisdisttnguisheclbytwomaincharacter.
istics:

l.Thestateofstresswlthinanyonelunrpedelementisassumedto
be fully clescribed by one variable'

2.Thedisplacementpatternofthestruclurelsassumedtobede-
scribed by tlre clisplacement components oI a finite number of dlscrete

points.

For any partlcular load condition the behavior of a lumped elastlc

structure is completely describect by the varl'ab.les which yield the state

,f stress in each elemlnt of the structure and t5e displacentent-com-

ponents of the pertlnent dlscrete points. 
- 

These stress and displacement

variables may be arranged to form a colunrn ntatrLx for a slngle load

conditiott.
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where m is the total number of behavlor varlables (stresses and dls-
pi*""*""tt). The behavlor varlablee asaoclated wlth each of dlstlnct

load condltions may be arranged ln column matrlx form' The behavlor

matrlx ls then tormed so thaieach column of thle matrtr deecrlbes the

behavlor of the structure ln the kth load condltlon.

mxn mXn

The requirements and speclflcatlon may no\{' be stated conclsely as

follows:

[o-] =[u,riu,,i 't',"J (z)

( 3)

where Ujk rePresents the upper ltmlt and \t represents the lower ltmlt

on the itii-Uetiavtor varlabte ior the kth load condltlon. Note that thls

formulation provldes for cttsttnct upper ancl lower ltmlts on each behav-

ior varlable for each load condttlon. The lower llmlts on stress behav-

lor varlables may ln general depend upon the dealgn parameters lf
elastic lnstabittty is consldered. Let Dp represent the pth deelgn para-

meter. The cross sectlonal area of a Uir element or the thlckness of a

shear panel element are, for example, llkely deslgn parameters. For

varlous reason6 lt may be necessary to constraln the value of varlous

design paranreters. Thts requlrement can be stated as follows:

pp
(5)

(6)

where Dlu) represents the upper llmtt on the pth deslgn parameter and

o[t) ,uf,"*""nts the lower lrmrt on the pth desrgn paramter. It should

be notecl that each deslgn parameter Dp, for and structural system,

f. Tm diiGGlons of a matrlx wlll be noted below the matrlx for clar-

Ity when aPProPrlate.

{:,,} [g-]
mxI mxI

(l)
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nrust be equal to or greater than zero.
The governing teclttrology for any lunrped elastlc structural system

nray be expressed as a set of m simultaneous equatlons relating the
applied loacls to the behavlor variables. The set ol equations wlll be

nrade up of equilibrlum equatione and force-displacement relations.
Klein's fornrulatlon of the governing tectrnology (6) whictr ls employed
in this paper is well adapted to etructural synthesis. The governing
tecturology for any lumped elastic structural system subiect to n load
corrditlons nray be expressed ln nratrix lorm as follows:

where [n,ul, the trehavior matrlx, has been dellned previously, [aXr] is
ttre appiiJa ioads nratrix, an$ [Cii I is tf,e conliguration nratrix. -The

elenrerrts of the matrix laif.l ire-6ornpletely defined when the applted

Ioad coltditions are knorin. Ttre introduction of kttown thermal expan-
sisps can be leaclily accomplishqd since such terms are also elements
o[ the appliecl loads matrix [lU.J. Hence, a load condition is under-
stood in general to include irechanica-l as-well as thermal loading. The
elenrents of ttre configuration matr* ICU] depend upon that portion of
tlre geonretry of the structure that is fixea in advance, the material
elastic prttperties, and the design parameters Dp. It is clear that for
any speclfic design parameter vectnr

[ ,-J
t-P !

pxl

tlre behavior of the lunrped elastic structural system ls gtven by

[rrnl = [trr]-'lorul (ra)

T[is sirrglc nratrix equation ( nq. f or Eq. ?a) ernbodles the governlng
te chnoltrgy for the class of structures considered ln this paper.

The criterion by means of which choices are to be made between
various designs ln thls paper ls selected as mlnlmum welght. The

structure with the least total welght whlch satislles the complete set of
spectficlrtiorrs and requirements for atl load conditlons is consldered to

trive the greatest merlt, Let V" be the volume ol the rth element of the

structure tnd let p" be the matirial welght density of the rth element of

the structure. Thei the total weight oI the structure W may be ex-
grresserl as follows:

Il,J = Lr"Jtg"J
lxr rx1

It should be noted that the volume of the rth element ls a lunctlon of the

design parameters Dp. However, there la a large class of problems ln

whlch the volunre of dach elemeni depends llnearly on a slngle deglgn

pa.rameter.
The mathematlcal statement of the mogt general class of structural

synthesls protllem consldered ln thle paper may be eummarlzed as

follows:

CivSnf oyl ana [eil(] "1y"ll-ae 
sufflctent g-eometrlc and materlal

elastlc propertylnlormatlon to-u*pi"es [c1i]' Ih*] [u11] ana [V"J
as functions of the design parameters DO

rtnd f 
Dpf such that D[ul 

= 
Dp Z D( t) and

uin > B1r

Bil z Lit<

and
\r,/ = Lv.l lprl

ts a mlntmur, *hire til dependence ot [ftr<].on 
Do le glven by

lurnl = [trr]-'Io,.n]

FoRMULATI0NoFTHETHREEBARTRUSSPRoBLEM

In order to demonstrate the posslbtllty of dlrect automated structural

cleslgn the followlng elementary example embodylng the essenttal fea-

tures of structural-aynthesis has been formutated and a program for

seeking the optimum balanced destgn has been wrltten for the IBM 653

digital comPuter-
A schemattc vtew of the problem consldered ln detall ls ehown ln

Figure 1.

Figure 1 shows a three bar planar truss wtth lte geometric conflgu-

ragon ftxed uy tfre ttr"n pararneters N, 9t,9t, and03' The elastlc

moduli and the matErlal denoltles of the tirree members are dealgnated

E1,Ez,E,and$tPz,plreS-pettlvely'Eachmemberhasaconstant
cross sec6onal ft; t; ip = rl 2, 3) which le unknown at the outeet'

The cross "u.trJr"i"i["t 
a, ire the deslgn ParameteTt (?P) t:-T

determined. Th;T;;i" fo{Aua by a glven force Pn.at a !lv6n l*lu
onwiththexa.lrlsasshowntnFtgurel.The_presentprogramwlllac-
contnrodate any value of n from one to flve. In other words, from one

tg flve clistinct load condltlone each constattng of a speclfied load Pn at

a speclliea angre ap cln be lncluded ln the loadtng apectrum' There are

five behavlor variables namely the stress [n each of the three bars

a, ot, 0, and the displacemcnt componente u1 and u.y of.l* pol{i t"

Figure l. Thus ttre klh column of thl behavlor matrtx wtll be constltut-

etl as follows:

SYSTEMATIC SYNTHESIS 1llASCE

(?)
F,, I L',-l = [^ru]
mxm mxn mxn

(8)
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FIG. I.-THREE BAR TRUSS
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to- ]

ffi]
( e)

The upper U1k ancl lower Llk llmits for each element oI the behavior

matrix-B1f< ,ii-e assumed to be given. The only restriclion on the design

paranreters included in the program is
p = L,2,1 (t0)

The governlng technology for the three bar truss-conelsts of two equll-
ibrlum eq*ations (i f*"= o and ),Fy = o at point e)and three etress dis-
placement equltlois (one tor each of the three bars). Assuming small

c[splacenretrts the change in length of the pth bar 0 O may be expressed

In terms of the dlsplacernent conrponents oI the pofnt s as lollows:

6 , - -r1 cos79o - u, stryl3n (11)

The changc in length of the pth bar ls relaled lo the slress and the tem-
perature rise of the pth bar as followsl

Ep = (i*), + (&^rt)e (12)

where/p is the length ol the pth bar, apfs therne-an coefficlentof
thermilixpansion for the pth bar; and ATp ts the lemperature .ITF:.
of the pth bar. Comblnlng Eqs. 1l and I2 ind substjtuting op for(P/A)p
and N/sin {l p lory[O ylelds

(+t )oE 
+ uxcos Fp* ursln,so = - +#l (13)

Letting p take on valuee 1, 2, and 3 in Eq. t3 ylelds the three pertlnent

stress atsplacement relations. The two equLlibrlum equatlons I F;g = 0

ancl I Fy = 0 at point s may be written as lollowsl

)
L Ooo, cosPo = - Prrcoso(n
P=I

in
P=1

( 14)

I

I

_.4--l --ht.. | \,\l z-
rl ,'/

\rr*

Ao sln /3O = Pn sIn o(n ( r5)

rIG. 2.-A CONCAVE CONSTRAINT SUNFACE
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The governing technology then may be stated in the rnatrix form

[crl] [e1r.1 = h,r,]
where

Apos10, A2cosp e A3cosfis

ArslnzCr A2sLryr€z A3s1ry'€3

f.',1 - o cosrdt, slnPr
E1slry€ 1

0

the behavior matrlx la a functlon oI the deslgn

andA'Equatlnganelernentofthebehavlormatrlx
elem6nt ln either the upper or lower llmltatlons

oo

o

ASCE

that each elenrent of
parameters A1, Az,
to its corresPonding
matrlx yields

or

SYSTEMATIC SYNTHESIS

uJt =

LJt =

B5r(Ar, Az, Ae)

Bjp (Ar, Az, As)

115

( 17a)

( 1?b)(16)
o

EzsLntQ z

oo!| 83s1ry'd, 'ou4'

the kth cotumn of lnrr<l le arranged as ehown in Eq' I and

runrn of [aL-l is c6nstiiuted as follows:

such a constraint surface ls shown schematlcally ln Ftgure 2' Potnts

in the design parameter space whlch are on or above the constralnt sur-

face (f,rr example potnt h Figure 2) sattsfy the single constralnt repre-

sented by the surface whlle potnts below the constralnt surface vlolatea

requlrement and are therefore unacceptable designs. It should be noted

that the constralnt surface shown ln Figure 2 ls concave when vlewed

from the region whlch ls acceptable wtth reslrect to thls slngle con-

straint surface. It has been assumed that the constralnt functlons are

all concave in the design parameter space. In the event that a convexlty

is encounterecl ttre exiJting digttal computer program provides an alarm'

No cgnvex constraints have been encountered so far. A proof Showlng

that the constraints are all tndeed concave would be most valuable alnce

it would also make it posslble to resolve the questlon of relatlve mlnl-

mums.
The totat weight of the three bar truss is glven by

1,r = N *#,
( 18)

O casp z slnr€e

slqr3e

the kth col-

Pp coso(

PU slndX
NEr Arrn

=iqE'
N4z arar

slnp z

N{s arro
slnp s

Note thatATpkrepresents the temperature change in the pth bar for the

kth load condltiott.
The three bar truss problem has now been cast in the form of the

general structural synthesls problent prevlously described.

THE METHOD OF ALTERNATE STEPS

Consider a three dimensional space wilh coordinate axes A,, A, anrl

A. (see Figure 2). This space will be relerred to as the desigtl para-

nieter splrce. Any point ln the posltlve octant of this space re;rresells a

rlesigrr ,if thu threc bar truss. The upper ancl [ower lirnitation on each
.lxthai,itrr variable in each loacl condltion can be conceived to represetrt

a surfuee itr tlre clesign paranrete r space. This follows front the lltct

The total weight is seen to be a linear functlon of the deslgn parametere

A1, Az, ancl A., Several planes of constant wetght are shown ln the de'

stgn pr.*meter space ln Figure 3,'

Having introduced the notiotr of a deslgn parameter spacet concave

constraint surraces ana ptanes of unlform wetght, the method of alter-

nate steps ts now Juscrtka qualttattvely. The two dlmenslonal deslgn

6pace shown tn risure { ts employed solely T- an.ald ln lntroduclng the

ldeas lnvolved. It wlll be assum"i tttt an lnltlal trtal deslgn whlch la

more than adequuiu ""n 
always be eelected. Polnt 1 tn Flgure 4 repre-

sents a flesign which more than satlsflee all of the constralnts G' H' J'

and K in Figure 4" Such deslgn polnts wtll be referred to as free polnts'

meaning they are acceptable ano do not lle on any constralnt aurface'

Note that the constratnts K and J ln Figure 4 represent mlnlmum mem-

ber srze limitations on e, and A, rerfrcilvely, The redealgn problem

when vlewecl enrpioylng the destgir parameter space ldea reduces to two

questiotts:
(l) which waY to go?
(2) how far to go?

[^'- 1 =
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(A) If the current trlal deslgn lo a free polnt (euch as I and 3 ln\"' 
rrg"r" l) nlor" tn the dlrectlon of eteepeet descent untll a con-

gtralnt surface lg encountered'
(g) II the current trlal deslgfr lles on one or more boundarlea (auch

as 2 and i i" fiir"e 4) luove 1n a plane of eonstant welght untll

a congtralnt surface ls encountered (polnt 3'), then half the

dtstance of travel t and aelect the potnt glven by a dlatance of

it""*f t/2 (lpotnt 3) as the next trlal destgn'

The coordlnates oI the polnt ln the deolgn space representls the

1n i-il n irrat deslgn *ay uu expreaaed ln terms of the coordlnatee of

thi qth trlat destgn as followa:

1l?
116 Znd CONFERENCE ON ELECTRONIC COMPUTATION

FIG. 3.-PLANES OT CONSTANT WEICIIT

l(

r [rl''1 (rg)

[^l-."1 = [^l-'
lxl- )xl

1+

where the cotumn matrtx {rJo'} apeclflee the orlentatlon of the llne oI

travel and the gcalar t controls the extent apd d{re,ctlon of iravel'

Examlnagon of the conflguratlon matrlx ICUJ (gq. t0) revealg that

only the elements C, tt"oigh C* and Crt-itri6ugtt Clt q"{ld upon the

lffif t].":m;ii:,li*,xT":-1"#::rff [",1*ii'lift nliiii!{;.,
may be expressed ln terms ol contlguratlon matrlx Ior the qth trlal de-

stgn aa followe:

t'l}*"_l = klfll + t[,1]'l (20)

where

'pr.osp,

fr$Lnfr r

fi2coa (3e

S2sLnp e

p3cosps , o o

pssLnps I o o

tfi'l =
o

o

o

o

o

o

o

o

o

=t:

oo
oo
oo

(ztl

The marrlx ["tfr] may be wrltten rn partrroned rorm aa follows:

:l

\i\.___

FIC. {._TWO DIMENSIONAL DESIGN SPACE

t l;'l Qzl
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where the cleflnltion of the 2 x 3 submatrk Ie ] foltows from Eq. 2l

ASCE SYSTEMATIC SYNTHESIS 1I9

Setttng0randf,equaltounltyanduslngEq.2Sonceagatnyleldethe
orlentatlon of a tht;d llne of travel tn the constant welght plane'

= I (+h.** t/x\ ""

These three lines oI travel ln a conatant welght plane are shown eche-

matlcatly in Flgure 5. It ls recognlzed that sltuatlons may arlse where

these lines of travel wllt not permit motlon to a new trlal deelgn even

though the current trial deslgn ls not the optimum. Thls duflculty when

It arlses can be resolved by rotating the directlons of travel ln the plane

o[ constant welght. Substttuttng each of the three -sE\s 
of 0P fJ:::-,

(Eqs. 26,21, and 28) lnto Eq. is.vt"td" *.^?lI1* [e I corrbspondlng to

a parttcular dlrectlon of travel l, f '1, lt[o'l o" 
lOlt'1 

t" a congtant

welght plane. I

Havlng diecussed the quantttattve formulatlon of the 'whlch way to

go, problun .onrfJu" no* the "how far to go" problem. It wlll be ahown

that the behavlor matrtr at the 1q + 1) th trtal aesrs; pornt [f1i]]f
can be expreesed as a functlon solely of the distance of travel t for a

selected line of travel emlnaung from the qth deslgn pofnl. Let the ln-

verse of the co,flguratlon matrtx at the qth aee1gn point (whtch te known)

be partltioned as followe:

g""o"p ,] 
( zr)

fissLnp e l

[,]''t =l,l'' I =i*tt atffil (2{,

[,['' 1 =[,:"'1 =l 
(*,- **"\/*] 

(26r

( r#.*t/x\
l,l'' I =1,[''1 =l :' 

s'r]\,,,,

[d] = lr;,:::;'. 'u:.il, l,l''l = [,1"']
When the current (qth) trial design is a free point the orjenlaUon ol the
lirre of trirvt-'l is taken norntal to the welght planes and

and these values o1 0R when substituted in to Eq. 23 yietd tne I el matrlx
associated wlth travei normal to the rvelght planes. 1{hen the current
(qth) trlal design lles on one or more eonstralnt surfaces the orienta-
tion of the llne of travel wlll be forced to lie ln a plane of eonstant
welght. The requirement that the llne ol trarel lle ]n a plane of con-
stant weight can be stated as follows:

Equation 25 states that the directlon oI trevel musl be orthogonal wlth
the nornral to the weight surface. If f, and p, are now sel equal lo unlty
arllitrarily, Eg. 25 can be used to determine Qr. Thus the orientalionot
a llne of travel ln a constant weight plane ls glven by

Settlng 02 ancl 0, equal to unity and again using Eq. 25 to determlne $t
yields thL orleniatlon of a second line of Lravel in the conslant weight
plane.

Following the procedure as glven ln ( 13) lt can be shown that

(25)Lel.I I*tI = Q

l-D I ol
[,,,1-' = I 

,+ -i ,fl ,,n,

5x5 [- zxz t zxl)

[,]:.')J-' = ['['l -r t .]
5x5 5x5 5x5

I

-1 (so)

[nl -'

where
[r * tnl-' | -t [r^+-tn ] tcl f oll
_:*::-*-i--:Y- lrur
t?z i ,1, l
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Now lt follows

[e ]-' =

where
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= (Rrr&, - Rrr&rltt + (Rr, +

that

r/e(t) [r] + r/slrl Isl

lzl

gr)t + t (35)

+ tz/e(t)[s] (sol

, l+i,l
I
I

{+tl ,-{'(\hrt,

I
I
t

T
I
I

I
,
I
T'
I
I

A,

[- rn:
tsr = I -'l'-lo

L )x2

f [o]
LsJ = | exa

l-I rol
L 1x2

-[a]tol
2x,

(Rrr + Raa) [
)x1

- rnrL:; r ol

(RrrRea - RreRer) trl
7x)

,J
(s?)

] 

(Bs)
OI.,tYtXITY ATACM

6.-SCH EMATIC OF CONYEXTTY
ALARM CONDITION

:rtrd

[*l
2x2

It can also [.re shown that

fr + tnl -'
where

tcl L rl2x1 )x2

= t/s(vt Ll * tRJ

( 32)

m3)

t

,

The applled loade matrlx [e*] le hdependerit of the change tn the de-
algn parameters Ap thereiofr'th" behavlor matrtr at the (q + 1) th

trlal deslgn polntt;tf*'I .", be expreseed as followe:

fs(o*r)] = fr(a+r)] 
-' I ol = ;r(a)1-' f eJ-' tr] (se)

5xn 5x5 5xn 5x5 5x5 5rt

Subetltutlng for Ie]-t flom Eq, 36 and recalllng that

[c 
toll -, 1e] = [r(a)] yr"ra,

[r(o+r)1 = t/s$t Ir(r)]+ t/sfttlrl * */s(t) LiItrolL-J )xn - lrt - 5xn 5xn

where 
[r] = 1c(o)J-'Isr[nl ({r)
5xn 5x5 5x5 5xn

and

[r] [c(q]l-' trlLol ({2)
5xn 5x5 5x5 5xn

Equatlon 40 gives an expregslon for each element of the behavlor matrlx

as a funcuon of the dtetance of travel t. Equatlng thle expreselon for an

element of the #;*;;;'(di iL tt " *triapondtns upper -(Yd
;;i;;;; ("i*) llmtt matrlx ererirdn[ ytelda quadrattc equatlona of I

followlng form:

OrJ
o, t-l

(3r)
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IRrrnu= - Rra'ar]uJk - FJplt" * f(*rr* Raa)urr - TJk]t

t(uJn-B1r<) a o ({3)

- RraRarltlk - Tlslt" -r L(or, + Hez)rJr - r.lo]t

+ (Lyr * B.1r) = Q

[n,,*,"

( r{)

Imaglnary roots reeultlng lrom the solution of Eq. {B or Eq. 44 are
neglected whlle real roots represent the dlslance ol travel from the
current trlal deslgn potnt (q) to a constraint aurface. The flrst root t
whlch meets the followlng set ol requtremente Ls selected and ueed to
establlsh the (q + t) th trlal destgn:

I. Each element of the behavlor matrlx {eee Eq. {0) muet sailrfy
all of the conetralnte wlthln a tolerance c thal is

and

( 45)

( 481

t{?)

({s)

2. The value of t mugt not resutt rn values or e[q*l) tt"t are less
than the lower llmtt preserlbed, that le E

b > 
(Ap)nrn-Alql

plal

3. The value of t must result ln a algnllicant change (f ) tn at leesl
one of the deslgn parameters

I 
o5o.'t - o(o) | =pl

searchlng sequentially through alL of the po*sl.ble values of t ylelded by
Eq. {3 for each element uig and then through ail ol the posstble yalues
of t ytelded by Eq. {4 for each element \k usua[y ylelcls a value of t
whlch eatlsfles the three requlremente sfated above. II the current
trlal deslgn lles on one or more boundarles and the search lor a t
satlsfylng the requlrements etated above fatlc, ll Ls posslble to conllnue
the search for a satlsfactory t uslng a dllferent dlrecti.on o[ travet ln the

ASCE SYS"TEMATIC SYNTHESIS t23
plane of constant weight. The manner ln whlch a selected t lg used to
determine ttre (q + 1) th trlal destgn depende upon whether the current
lrlal deslgn le a free polnt or not. If the cument trlal deslgn la a free
polnt then the orlentatlon of the llne of travel ls normal to the planes of
constant weight and the new trlal ls determlned as follows:

where
tr= the selected value of t aatlefylng all requlrements. If the cur-

rent trlal deslgn ls not a free point then tt must lle on one or more con-
etraint surfaces. The orlentatlon of the llne of travel lles ln a plane of
constant weight and the new trlal deslgn le determlned as followa:

(50)

where{t(o)} ts glven by 8q. 26, or Eq. 2? or Eq. 28. If a convex con-
straint'sirrfate exlsts, Eq, 50 could lead to the selectlon ol a trlal deslgn
whl.ch ls ln vlolation of some oI the constraints. Thls sltuatlon ls shown
schematlcally ln a two dlmenalonal deelgn parameter Bpace ln flgure
6. An alarm which wlll detect thls occurrence ls provlded ln the com-
puter program.

To aum up then the method of alternate steps ls a technlque for
seeking the mlnlmum welght balanced deslgn. Whenever posalble rede-
slgn takes place so aB to reduce the total weight at the greatest poselble
rate (steepest deecent), When thls ls not posslble, redeslgn takes
plaee malntalnlng the total welght conetant.

THE COMPUTER PROGRAM

The computer program for the structural eynthesls of the three bar
lruss system based on the method of alternate ateps was wrltten for the
IBM 653 digttat computer at the Caee Computlng Center ualng Runclble
Cornpller language. Because several apeclal eubroutlneo were used to
6ave space, the program was comptled uslng multlpaea operatlon' That
is to say the Runclble comptler was employed to prepare a program ln
SOAP language and the SOAP program was then subaequently uaed to
obtaln a machlne language program, It ehould be emphaelzed that the
potentlal value of the gtructural syntheels concept dependr upon the
avaltabillty of an ever tncreaalng computer capablllty. The exlstlng
computer program for the three bar truss requlres 1039 locatlons of
the 2000 avallable on the magnetlc drum, Whlle operatlng tlmes are
dfiIlcult t6 predlct because oI the nature of the procedure employed,
lees than 30 mlnutes has uaually been sufflclent to obtaln an optlmum
tleslgn that ls wlthtn t%of the mlnlmum poselble total welght lor caaes

l^l*"1 = [^["1 + t* [r[''1 (4s)

[ ^l'." 1 = l^l-, 1 
+ $/z 

lul., I
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wlth two or three lndependent load condltlone.
Flgure ? sho$,a a block dlagram outllnlng the mator phaeee ol the

program. Whlle thle block dlagram ls a,dequate for grasplng the over-
all problem a much more detalled block dlagrarn was, of course, em-
ployed as a gulde to the actual programmlng and codlng.

NUMERICAL NESULTS

Numerlcal reeults for hro cases vitl be presented ln detatl. The ln-
put data for the flrst case follows:

Ctse I Input.-

(3, = lr5" p" = 90n fA, - \5"
P1 = 70 d, E 6Q"

SYST EMATIC SY}.IT HESIS t2i

P2

N

P.
E

n

[',n I

[^1" 1 =

Ioad condit[o

['r-] =

o
a
crl
+t
c
o
()

o
+)
o

F{
O.
Bo
clq
Tl

o
rl
oho

6rt
!t
o
'1,

x
Et
o
s
a
Bo
Ff
fq
I

F

dl{
F{

ns)

[,]i :,lil

(number oI

l- za ao-lI ao aol= I ao 2ol
I aoo aoo I
L aoo zooJ

s 20 dz = lSon

*1

= ?, = p" = I
=1{
-Q

ti:tl
€=.ol 6- 'oo1

Note that the dlsplacement llmltatl.ong have been set high eo that they
are not actlve. The strese llmitations rpl]l thus prove to be crltlcal in
these examplee. The resultg of the synthesis are preBented [n Table t.
The behavtor matrtx based on the ltnal deslgn shown ln Table I for Case
Ils

l- rg.ee> -14, eer;l

[,,n I = llii :?W' i*[,[ffi-l ru,r

[--rs,$tt - 5-oo]J
a.-- SeiitngEI-i tn effect metlns thal the dlsplacement u* and u, are Ie-

placed by (ux E) and (uV E). (See Eq. 16)

o
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d
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-rElt f,t
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o

<i +,tfze
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6o{,
C,
0,
r{
o
!0

1..
o

F8'
dt{ +,od
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E!-S *
{,-.--rp
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='.'-fE,. C'

v-9t
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rtHCod
H
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o
H..croo
hoH
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oo oo+t
OF{ 4,trAEQO'
iCAt{C) s! rlE,BH;g

g+)o
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TABLE I.-STJMMARY OT RESULTS CASE I

TABLE tr..SMIMARY OT RESULTS CASE II

t27
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It ls lnterestlng to note that ln thls caee the optlmum balanced deslgn Le

a fully stressed deelgn ln the senge dellned ln (t4), Thle le to say each
menrber is essentlally fully atressed ln al leasl one load condtUon.
(See values ln Eq. 5l marked wlth *.)

Flgure I represents the constralned rretght surlace lor Case L The
actual surface is contlnuoue, but lt has discontinultl.es ln gradtenl whtch
are not shown ln Flgure 8. Every deslgn polnt on or above the surlace
sltown in Figure I satlsfles all of the requlrements lmposed on the three
bar truss in Case I. Several of the trlal destgns llsted ln Table I ln-
cltrdlng the flnal mlnlmum wetght deelgn are plotted tn Flgure 8.

The lnput data for the second example fol[o,r,s:
9ersJ]lu$.*

p, = Ir5" F. = 9Oo pe = +5"

Pr -' 
'lO

Pz=10
Pa ,. 2O

N=1

P.- Q,
E-]
n=,

B t+5n

= 9on

a 115"

o(L

4e
ds

['ru I =

Q" =1

(number of load condl"tlone)

["rnl =

I^I,,J A

6 = .oot

1.827
6.ro5
4'lra

-2'65:.
-5.16

t-a, -,2:,tl
I :ro3 -roZ :rr3 I

[_-zoo -?oo -rorj

T5 5 5-lI zo zo 2ol
15 5 5l
I aoo aoo 2oo I

roo 2oo ,og

[;:i1

-o.7771
4.azz I

-1.??z.l
-+.ezz I

r-I 5. @orI :. ++r= I -r.55rI 6.sts| -t.4\sL

€ = O.Ol

The results of the synthesls are presented ln Table II. The behavlor
nratrlx based on the flnal deslgn shown ln Table II for Case [I ls

["rn I

CYcle A1 A2 As u Ae/b M/At

I
2

rt

Ll

c

6

7

B

9

IO

I1

L2

I)

Itl
I
I
I

I

I

rB

l.OOO l.OOO

o.9{} 0.960

I .OqB 1.064

L.or7 L.O57

r . a59 o.927

1.l8o o.872

r . a5t o.6112

1.211 0.606

1.166 o.56t

L . rr8 o.527

1.o89 o.544

1 . o8r o.579

r.o?B o.5\6

t.o77 o.5{5

r.ooo ,.828

o.9[) ,.626

0.764 
'.626o.75' >.589

0.62q ).589

o.5tt5 ,.)LL
o.6a6 ).)rl
o.576 ,.Lrz
0.65? 1.Lr2

o.60q a.962

o.6aa 2.962

o.6rrl z.g>6

o.611 2.916

o.510 2.9rO

1.000 1.000

1.O18 1.O00

r . o15 0.729

r.olg o.?26

o,tl6 o.496

o.7r9 o.462

o.5o9 0.496

o.5oo 0.4?6

o.l8r 0.559

o.4?r o.54o

o.5oo o.57r

o.199 0.568

o.lo5 0.567

0.506 0.166
I
I
I
I

o.5st o jrro

rl
ll
l1
tt

L.sTz o.5ttr o.6u z-92\

CycIe A1 Aa Ar l{ Az/ h ls/ At

I

)

lt

5
I
I
I

I

I

I

I

I

r)

I

I
I

I
I

I
I
I

0.260 0.{oB

B.ooo 2.400

7.56, 2.091

7 .r\, 1.u71

7 .156 t,7t9

? .lqo r.7{8
tl
rl
rl!ltl
tl
ll
tt

7.o99 r.8lt9

,.aw tB.?r7

2.761 16.695

l.LrB t6.695

z.grt 16.olr

2.960 t6.o)1

2.89T r:.986

o.)oo o. {oo

o.zT6 0.165

0.255 o.ttq

0,2tt, o. q12

o.245 o.{}5
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It ls enllghtening to observe that in thts case the opUmun: balanced de-
slgn ls not a lully streseed destgn ln the sense dellnerl tn (1a). Mem-
ber 2 ls never fully etressed yet an ellorl to reduce tts weight wil.1 lead
to a net wetght lncrease. Flgure g represents the constratned wetght
surface for case II. A few of the trlal designs llsted ln TabLe II aie
plotted ln Flgure g.

The abbrevlated results for two addlilonal examples are also glven.
Case III !nru!.-

SYSTEMATIC SYNTHESIS

rIG. 8. -CONSTRAINED WEIGTIT SURTACE

129

F, =

P1 :

P2=

P3=

B,
dL

da

4s

=pu*1

lo
10
10

100
100

N=1

e'=P,
Ii-"1u_-a

n=3

go"

45"

90"

t5"

F,-l =

S = o.ool

fr" = 45"

-IO-r0
-10
-100
-100

As = A.526

t)5"
20

L5

10

\

(number of load condltlons)

['rn I =

[-- rol-rol-ro| -r00
[_- 

t oo

irl
100 I,*J[,ii

- 1o-l
- 1ol
- rol
-roo I

-rTJ

[^l" J - 3:3
t' J 2.o

€ = 0.01

e11qlL egpf_t - Cycle Z0

A1 1.707 A2 * 0.91{O

t{ = 4. O99

The behavior matrlx based on this deaign is

[- p.prE' z.rqz -a. ieol
[',-] = Iti,iiE i,ii|. ,t:i1i4

L_,r.,,16 _9,94o -T.16r)
It ls nrtecl that ln this case the minimum wetght balanced <tesign happens
to be a fully stressed deslgn.

FIG. 9. -CONSTNAINED WEIGHT SURFACE



SYSTEMATIC SYNTHESIS

s of the Second
bv H.

, 1951,

131ASCE
r30 Znd C0NFERENCE ON ELECTRONIC COMPUTATION

As = 0.78q

The behavlor matrlx based on thls deslgn l"s

In thls case the mlnlmum welght balanced deslgn does not happen to be

fully stressed.

coNcLUsIoNs

The general problem of structural ayr:thesls lor lumped elastlc sys-
terns has been formulated. The synlheele ol a three bar trues, whlch ls
an elemenlary example exhlblttng the tmportanl characterlstlcs of this
lnrger class oI structuree, har been programnred for the IBM 653

r1gltal cornputer. A procedure deslgnated tlre method oI alternate steps
is ernployed to carry out the synthesle-

The numerlcal results polnt out that the mlnlmum welght balanced

deelgn for a etattcally tnditermtnate structure ts not necessarlly one ln

wtrtitr each member is fully uttllzed tn at leaet one load condltlon. Vlew-

tng the syntheslo problem uslng the concept of a dealgn parameter

"pi.", 
tt follows tn"t " 

destgn ln whlch each member lg fully utlllzed ln

a[ leagt one load condltlon muet lte at the lntereectlon of p constralnt
surlaces ln the deelgn parameter Epace (1.e. corner6). There la, how-

ever, no reason whf euch corner potnts should neceesarlly be polnte

representlng deatgns of mlnlmum welght'
In concludlng, lt Eeems approprlate to reflect lor a moment on the

overall structural destgn ptoLt"111. Juet as structural analyals must be

vlewed aB a component pait of sttrctural ayntheela' 80 must the meth-

ods of syntheels be vtewed ln proper perapectlve. The overall lormu-
latlon oi atructurat dealgn problema past, preaent, and future preaents

a subatanttal chall6nge. Pirtlcularly the matter of concelvlng and

etagng more realtatG dealgn phtloaophles mugt be glven more attentlon.

wtthln the llmlta of what ls dlgcueged hereln, structural eyntheels ls not

lntended, nor lndeed lg lt capable of betng, a aubstltute for creatlvlty.
The demanda o made on the structural englneer wlll contlnue to requtre

the concetvlng of new conftgpratlons. The need for experlence, tudg-
ment, and lngenulty can be expected to be htlher than ever before.

However, etructural eynthesli ehows conglderable promlse and further

a"v"top*enta along thlse llnes should prove to be a ugeful sclentlflc
atd ln structural deelgn.
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